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Absence of Ground States for a Class of Translation 
Invariant Models of Non-relativistic QED 

D. Hasler, I. Herbst 

Abstract 

We consider a class of translation invariant models of non-relativistic QED with 
net charge. Under certain natural assumptions we prove that ground states do not 



J> ■ exist in the Fock space. 

ON 

o 

§ ! 1 Introduction 

Over the years there has been much interest in trying to develop an appropriate math- 
ematical framework to describe the interaction of charged particles with the quantized 
electromagnetic field. Here we only cite pQ and references given therein but later we 
briefly mention other work. Of course relativistic quantum electrodynamics (QED) is a 
very successful theory but has not been shown to provide a Hilbert space framework for 
describing the states of charged particles interacting with photons. In spite of this there 
are certainly prescriptions for getting correct answers to the "right" questions [2]. 

One of the first questions which arises is perhaps the most elementary: Are there 
"dressed one-electron states" of fixed momentum which are eigenstates of the appropriate 
Hamiltonian. These states should of course have an adhering photon cloud. In [3] Faddeev 
and Kulish gave a suggestion as to what form such states should take. The Fadeev-Kulish 
states do not live in Fock space because of the nature of the photon cloud. At this time, 
however, we are far from understanding the mathematics of relativistic QED. 

In order to understand the infrared problem in a simpler model, Frohlich [HE], studied 
the massless Nelson model. This is a model of a non-relativistic particle interacting with 
a scalar massless bose field ("photon" field). Among other results, in [7] he outlined a 
construction of asymptotic dressed one particle states (with a low energy photon cloud). 
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Recently, Pizzo |5] has taken Frohlich's outline, added some important ingredients, and 
rigourously constructed a Hilbert space of asymptotic dressed one-particle states (with 
certain smallness assumptions on particle velocity and on various parameter values). 

In recent years the more realistic model of non-relativistic QED has been studied by 
many authors, see for example [lj and references given therein. This model suffers from 
various difficulties but it is hoped that it may serve as a reasonably realistic model for low 
energies, and a testing ground for understanding the infrared problem. One of the main 
difficulties is that this model is neither Galilean nor Poincare covariant. The charged 
particles are treated non-relativistically while the photons are relativistic. There remains 
an ultra-violet cutoff in the photon field to produce a well defined theory, but the theory 
is well defined without an infrared cutoff. More recently, Chen and Frohlich [6] have 
also outlined the construction of asymptotic dressed one-particle states in non-relativistic 
QED, partly relying on some of the ideas in [7J [5]. 

In this work we define our Hamiltonians on the Hilbert space consisting of the Fock 
space for photons tensored with the usual Hilbert space for the non-relativistic charged 
particles. We consider a class of translation invariant models of non-relativistic QED 
having a total net charge. The generator of translations defines the operator of total 
momentum. Translation invariance implies that the Hamiltonian commutes with this 
operator. We can thus restrict the Hamiltonian to any subspace of fixed total momentum 
£. This restricted Hamiltonian is denoted by H(£). For any momentum £, is bounded 
from below. We denote the infimum of its spectrum by E(£). One can easily show the the 
function E(-) is almost everywhere different iable. In this paper we show that for momenta 
£ at which E(-) has a non- vanishing derivative, H(£) does not admit a ground state. We 
do not impose an infrared cutoff, which in fact is the reason for the absence of ground 
states. The coupling constant is arbitrary, but nonzero. 

First we consider an electron (with spin 1/2) coupled to the quantized electromagnetic 
field. We show that for any value of the coupling constant H(-) does not admit a ground 
state at points where E(-) has a non-vanishing derivative. This model has been previously 
investigated in [THJ [TH [5]. There it was shown that for small values of the coupling 
constant, E(-) has a non-vanishing derivative for all nonzero £ with |£| < C,o, where £o is 
some explicit positive number. Furthermore, for small coupling it was shown that H(0) 
does have a ground state. Moreover, for small coupling and nonzero £, with |£| < £ , 
it was shown that an infrared regularized Hamiltonian does have a ground state. As 
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the infrared regularization is removed this ground state does not converge in Fock space, 
however it can be shown that it does converge as a linear functional on some operator 
algebra, [3, [6]. 

The model is introduced and the result is stated in Section The proof of the result 
is presented in Section HI Although on the basis of the work cited above, our result is 
expected, we have not found a proof in the literature. 

We then generalize the above result to a positive ion. More specifically, we consider a 
spinless nucleus with nuclear charge Ze and N electrons each with charge — e where the 
interaction between the particles includes the Coulomb potential. If Z ^ N, we show that 
H(-) does not admit a ground state at points where E(-) has a non-vanishing derivative. 
This model has been recently investigated in [TTJ [13], where it was shown that under 
natural assumptions H(£) does have a ground state provided N = Z. It was known 
previously that if the nucleus has infinite mass, then the relevant Hamiltonian does have 
a ground state if Z > N, [9l [10]. In contrast to our result, Coulomb systems without 
coupling to the quantized electromagnetic field do have positive ions, with fixed nonzero 
total momentum. In Section [3] we introduce the model describing an ion and state the 
result. Its proof is presented in Section [U Although perhaps surprising, the intuition for 
our result comes from the fact that from a distance, a charged bound state looks like a 
point particle. 

In order to show that the physical properties of the theory do not depend on an 
ultraviolet cutoff, small coupling results where the coupling depends on the ultraviolet 
cutoff are typically not sufficient. The proof of our result employs the so called pull- 
through formula. In order to deal with arbitrary values of the coupling constant we have 
to restrict our analysis to a subset of momentum space. This however is sufficient to rule 
out the existence of a ground state. In the next section we introduce the Fock space of 
photons. 

2 Fock Space of Photons 

The degrees of freedom of the photons are described by a symmetric Fock space, intro- 
duced as follows. Let 

f) := L 2 (Z 2 x M 3 ) S L 2 (R 3 ;C 2 ) 
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denote the Hilbert space of a transversally polarized photon. The variable k = (A, k) G 
Z2 x M 3 consists of the wave vector k or momentum of the particle and A describing the 
polarization. The symmetric Fock space, T , over f) is defined by 

00 

^=c©0s B (r), 

n=l 

where S* n denotes the orthogonal projection onto the subspace of totally symmetric ten- 
sors. The vacuum is the vector Q := (1, 0, 0, ...) G T . The vector if) G T can be identified 
with sequences (ip n )%L of n-photon wave functions, e -^ 2 ((^2 x M 3 )™), which 

for n > 1 are totally symmetric in their n arguments. The Fock space inherits a scalar 
product from h, explicitly 

00 „ 

(^,<p)^ = %(Po + ^2 / ^n(ki,-,k n )ifin(k 1 ,...,k n )dk 1 ...dk n , 

n=l J 

where we used the abbreviation J dk = Ylx=i 2 / ^h. The number operator N is defined 
by (Nip) n = nip n . It is self-adjoint on the domain D(N) := {ip G J^lNtp G J 7 }. For each 
function / G t) one associates an annihilation operator a(f) as follows. For a vector tp G T 
we define 

(a(/)V)nfe,...,^J = {n+l) 1 ' 2 J J(k)i; n+1 (k,k 1 ,...,k n )dk ,qua<N n> . 

The domain of a(/) is the set of all ip such that a(f)ip G JF. Note that a(f)Q = 0. The 
creation operator a*(f) is defined to be the adjoint of a(f). Note that a(f) is anti-linear, 
and a* {f) is linear in /. They are well known to satisfy the canonical commutation 
relations 

[a*(f),a*(g)] = , [a(/),a(<?)] = , [a(/), a* (<?)] = (/,<?) . 

where /, g G L 2 (Z 2 x M 3 ) and (/,(?) denotes the inner product of L 2 (Z 2 x R 3 ). Since a(/) 
is anti-linear, and a*(f) is linear in /, we will write 

«(/) = y , «*(/) = y 

where the right hand side is merely a different notation for the expression on the left. For 
a function / G L 2 (1R 3 ) and A = 1,2, we will write a x (f) ■= a(f\) and a* x (f) := a* (fx), 
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where fx G f) is the function defined by f\(/j,k) := f{k)5\^. The field energy operator 
denoted by if/ is given by 

(Hf^nih, ...k n ) = ^2 N ^ ^nih, ...k n ) . 

It is self-adjoint on its natural domain D(Hf) := {ip E J-\Hfxjj G J 7 }. The operator of 
momentum Pf is given by 

Its components (Pf)j are each self-adjoint on the domain D((Pf)j) := {tp G ^ r |(P/)j'0 G 
JF}. In this paper we will adapt the notation that | • | denotes the standard norm in 
M,M 3 ,C, or C 2 . 



3 The Electron: Model and Statement of Result 

At first we consider a single free electron interacting with the quantized electromagnetic 
field. The Hilbert space describing the system composed of an electron and the quantized 
field is 

ft = L 2 (M 3 ; C 2 ) ® JF . 

The Hamiltonian is 

H = {a ■ (p + eA(x))} 2 + H f , 

where 

M x ) = E / -7^=7 K*e* x eA, fc + < k e- ik - x ex, k ) dk , (1) 



A=l,2 ' 



where the e\,k G M? are vectors, depending measurably on k = k/\k\, such that (k/\k\, Ei^, £2,fc) 
forms an orthonormal basis; and a — (a±, a 2 , cr 3 ), where <7j denotes the i-th Pauli matrix: 

1 \ f -i\ ( 1 

n=i lo) ' ^(i o J ' ^(o -1 

By x we denote the position of the electron and its canonically conjugate momentum by 
p = —iV x . We have introduced the function 
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where xa is the characteristic function of the set [0, A]. Since we are interested in the 
infrared problem we fix the ultraviolet cutoff < A < oo. The Pauli matrices satisfy 
the commutation relations [<7i,<72] = 2io"3 and cyclic permutations thereof. Using these 
commutation relations, we can write the Hamiltonian as 

H = (p + eA(x)f + ea ■ B(x) + H f , 

where 

B(x) = (VAA)(x) = J2 J pm ^ X > k) (a x , k e^ - a^e"**) dk . 



A=l,2 ■ 



The Hamiltonian is translation invariant and commutes with the generator of translations, 
i.e., the operator of total momentum 

P tot =P + P f . 

Let F be the Fourier transform in the electron variable x, i.e., on L 2 (R 3 ), 

™ = WW ■ 

Set 

W = exp(ix ■ Pf) . 

Note WPtotW* = p so that in the new representation p is the total momentum. We 
compute 

WHW* = {a-(p-P f + eA)} 2 + H f , 

where A := A(0). Then the composition U = FW yields the fiber decomposition of the 
Hamiltonian and the Hilbert space 



UHIT 

with 



= / H(£)d£ , U: L 2 (R 3 ;C 2 )®F^ / C 2 ® Tdi 

JR3 J R 3 



H(0 = W-(Z-Pf + eA)} 2 + H f 
an operator on T : = C 2 ® T . Note that H(£) can also be written as 

H(0 = (t-Pf + eA) 2 + ea-B + H f , 

where B := B(0). The explicit self-adjoint realization of H(£) is given by the following 
Lemma. 
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Lemma 1. The operator H(£) is self-adjoint on D(Pj + Hf) = {ip G iF\{Pj + H f)ij) G J 7 } 
and essentially self-adjoint on any core of Pj + Hf. 

For a proof of Lemma [I] see [IB] . The operator H(£) is bounded from below and we 
write 

E{0 :=inf<7(ff(0). 
Proposition 2. JTie function E(-) is almost everywhere differentiable. 

By spherical symmetry E(-) is invariant under rotations. We want to point out that 
for small e and |£| < 4, it has been shown that £"(•) is twice differentiable with positive 
Hessian [151 HI]- In [I] it is shown that for large £, = |£| + 0(1). It seems probable 
that for all e and £ 7^ 0, is differentiable with non-vanishing derivative. 

Theorem 3. Lei e ^ 0. If E(-) is differentiable at £ and has a nonzero derivative, then 
H(£) does not have a ground state 

We want to relate this to results obtained in [15], [6], where A = A(0) in ([I]) is replaced 
by an infrared regularized A a (0) = ]T A p(k)(2\k\y 1,2 (a*^ k e x ,k + a\,k£\,k)dk. It is 
shown that if e is small and |£| < | then for any a > 0, there exists a normalized ground 
state ip a (0- For £ = 0, Vv(0) converges weakly as a —>■ to a nonzero vector. However 
for nonzero £, with |£| < |, it was shown that ip a (£) converges weakly to zero. We want 
to note that in principle this does not rule out the possibility that there could suddenly 
appear a ground state in Fock space at a = 0. 

4 The Electron: Proof of Results 

First we give a well known proof of Lemma 121 see [7] . 
Proof of Proposition We set 

T(0 := (0 - e = -2£ ■ (Py - eA) + (P, - eA) 2 +ea-B + H f . 

Since for each t/> G D(P"j + Hf) = D(H(£)), the function £ i— > (tl>,T(^)ip) is linear, it 
follows that the function 

£ ^ t(0 := inf {^,T(0^)|^ e £>(#(£)), IMI = 1} 
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is concave. From concavity it follows that £(•) is a.e. different iable and hence also the 
function £ .-> E(£) = £ 2 + t(f ) . □ 

For notational convenience we write 

v(0 = (t~Pf + eA) . 

Before we present the proof of Theorem [3j we need a few Lemmas. For E(-) differentiable 
at £ and e > 0, we fix £ and consider the following subset of the unit sphere, 

S e := {to G S 2 \ io ■ V£(f) < 1 - e} . 

We denote normalized vectors by k = k/\k\. 

Lemma 4. Assume that E(-) is differentiable at £. For k G S e , we have 

H(£-k) + \k\-E(£)>e\k\ + o(\k\). 

Proof. Using that E(£ — k) is a lower bound for H(£ — k) and the differentiability of E(-) 
at £, we have 

H(£ — k) + \k\ - £7(f) > £(f - Jfe) - + \k\ = -k ■ V£(f) + |Jfe| + o(|ife|) > e|Jfe| + o(\k\) . 

□ 

Let Pq = Po(0 denote the orthogonal projection onto the kernel of H(£) — E(£). For 
<f G JF, we set 

(%^)n(il,-,^ n ) = (n + lj^Vn+l&^lr-.y • (2) 

For A = 1, 2, a.e. k, and all n, G S n (fy® n ) (g> C 2 . The relation to a(/) is outlined in 

the following Lemma. 

Lemma 5. Let ftcK 3 and tp G T and suppose the function k i— > zs m L 2 (Z 2 x f2; J 7 ). 
TTien /or a// / G f} ; / vanishing outside o/Z 2 x Q, and i] £ J 7 
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Proof. We have 

oo „ 

(Vi a (f)<P) = / (^(^'•••'^n) ) (^ + 1 ) 1/2 7(^)^n+l(^,^l,...,^ n+ l))rffc^l-..^ n 

n=0 ^ 

f(J$(v> a k<p)dk , 

where the interchange of the order of integration and summation is justified since 

oo „ 

E / |(^n(fcl, •••,fc„),(^ + l) 1/2 7(^)V ? n+l(^,^l,---,fc n+ l))|^fcl---^ n 

< ll/IINI (JjaMfdk^j ' <oo. 



□ 

Lemma 6. For eac/i </? G D{H 1 ^ 2 ), the function k i— > zs m L 1 2 oc (Z2 X IR^-? 7 )? 

1 /2 

Proof. Since y> G D{HJ ), we conclude that 

CO „ 

n=0 ^ 

oo „ n+1 
n=0 ^ j=l 

= n^yvii 2 < °° • 

This implies that the function 1— ► ||afc(/?|| 2 is integrable over any compact subset of 
Z 2 xK 3 x . □ 

The next result uses the so called pull-through formula (see for example [7]). 

Lemma 7. Suppose E(-) is differentiable at £ and and that if) is a ground state of H(£). 
Let e > 0. Then there exists a 5 > such that for all r\ G J- , 

(77, % V) = ^= (# (£, fc)~V (-2e k ■ v{£) + i(k A e,) -a) if) , (3) 

y/2\k\ 

for a.e. k, with < \k\ < 5 and k G S e , where H(£, k) := H(£ — k) + — E(£). 



Proof. Let / G C^°(M 3 \ {0}) . Let <p G Ran(P[ 0i!/ ](A r )) be a state having less or equal to 
v photons, for some finite v, and assume each ip n has compact support. By a calculation 
using the canonical commutation relations, we find for real /, 

(K(/)# (£, k) - (H(0 - E(0)a* x (f))f, i>) = ((A*(f) + R* (f) + Rl (f))<p, ^ , 
with 

Mf) := J f(y)2(y-k)-v(£)a Xjy dy + J f(y)(k 2 - y 2 )a x , y dy + J f(y)(\k\-\y\)a x , y dy 
Ri(f) ■= [ f{y)^§L(k-e Ky )dy 

A(f) := / f(y)^= (-2ex, y ■ v(0 + i(y A e x , y ) ■ a) dy . 

Since i/>eD(H f + P})cD{a x (f)), 

{H{t, k)<p> axW) = (<p, (A(f) + R (f) + Ri(f)m (4) 

Note that this holds for all (p in an operator core for k). For any e > 0, there exists 
by Lemma H] a 5 > such that for all k with < \k\ < 5 and k G S e , H(£,k) has a 
bounded inverse. This and equation imply that in fact for all such k and all rj G JF, 

fa, a A (/)V) = + R (f) + RiUm • (5) 

Now fix r] G T. For fc, with < \k\ < 5 and k G S 1 ,,, we choose a 5-sequence centered 
at fc. Explicitly, we choose a nonnegative function g G C£°(R 3 ) with J g(y)dy = 1 and 
support in the unit ball. We set fk, m {y) '■= m 3 g(m(y — k)). By Lemmas [5] and [6] it follows 
that the left hand side of yields, lim m ^ 00 (?7, ax(f mt k)ip) = (r],ax,k4>) a - e - k. The 
term (H(£, k)~ l r], A(f m ^)ip) converges to the right hand side of Below we will show 
that the terms (H(£, k)^ 1 !], -Ro(/m,fc)^) an d (H(£, k)' 1 !], -Ri(/ m ,fc)V ; ) vanish as m tends to 
infinity for a.e. k. The expression containing R\ vanishes since k ■ ex,k = 0. To show that 
the expression involving Rq vanishes we will only consider one term. The other terms will 
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follow similarly. We set (pi := vi(£)H(k,£) 1 r] and estimate 

3 



< 



E 



1=1 

3 oo 

SEE 

2=1 n=0 

< 



H{k,g) \ fk,m(y)2(y ~ k) ■ v(£)a Xiy ?pdy 
vi(g)H(k, J fk,m(y)2(y - k)ia x , y i> dy 

(<t>i)n(Jh>->kn)> J fk,m(y)2(y - k)i(n + l) 1/2 tp n+1 (\,y, k 1: k n )dy 
fk, m (y)2\y - k\h x (y)dy , 



dk x 



where 



and 



hx(y)= MT /(n+l)|Vn+i(A j Vi k\\i k n ) | dk 1 ...dk n 
\n=o 



1/2 



E 



Since t/> is in D{H 1 J 2 ) 1 



/oo „ 
llyl 1 / 2 ^^)! 2 ^ <J2lL ( n + 1 )\y\ \^n+i(^y,k 1 ,...,k n )\ 2 dydk 1 ...dk n = W>,H t il)) . 

Thus /ia € Zq oc (R 3 \ {0}). Therefore a.e. point is a Lebesgue point of h\. At such points 

fk,m{y)h x {y)dy -> h x (k) 



by Lebesgue's differentiation theorem, see for example [18] Theorem 1.25. Thus Ro,i(fk,m) 
tends to zero as m — > oo, a.e. fc. □ 

Lemma 8. If E(-) is differentiable at £ ; then 

P 2v(£)P = VE(Z)P . 



Proof. Suppose ip G RanP , with ||^|| = 1, then 

E£ + k) - E(0 < (H(£ + k) - = 2A; ■ (^, v(^) + \k\ 2 



This implies 



k-VE(C)<2k-(^,v{0^) + o(\k\) , |A;|-0. 



11 



Since k can have any direction we conclude that 

V£(0=2ftM(£)V)- 

Since this holds for any ip e RanP the claim follows by polarization. □ 

We set 

Q{k) = \k\(H(t-k) + \k\-E{t))- 1 , 
whenever this exists. And for \k\ > 0, we set 

Q (k) = \k\(H(0 + \k\-E(0)- 1 ■ 

By the spectral theorem 

P = P Q (0 = s- \3m Q {k). 

\k\^0 

Lemma 9. Let E(-) be differentiable at £. Given e > 0, then 

w- lim (Q{k) - (1 - k- VS(0) _1 -Po) = . 

Proof. Fix £ 

Step 1: v(£)Qo(k) is uniformly bounded for small \k\. 

1/2 

Since B is ifj operator bounded, we see that there exists a finite constant Co such 
that 

v(0 2 < H(0 + Co < (H(0 + \k\ - E(0) + (E(0 + C ) . (6) 
On the other hand 

EM«Q.W)rM«Q.W) 1 = g(t) _g f) + | t | "(0 , g(0 + m ■ 

By inequality ([6]) we see that the right hand side is uniformly bounded for small \k\. This 
shows Step 1. 

Step 2: We have s — lim| fc |_ >0 t>(^)Qo(^) = v(£)Pq. 
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By the resolvent identity 
1*1 



v(0 



H(£)-E(Z) + \k\ 



v(0- 



\k\ 



if (0 - E(0 + \k\ + l vs/ ff (£) - E(£) + \k\ + l H(0 - E(0 + \k\ 
Again using the resolvent identity and an argument similar to the one in Step 1, 

1 ,.,1 



•(7) 



v(0 



H(0-E(0 + \k\ + l 
1 



v(0 



life 



H(0 - E(0 + 1 
1 



#(0-£(o+i 'Hio-Eio + m + i 



|fc|->0 



. 



This implies that the first term on the right hand side in (j7j) converges in norm to zero 
and the second term converges strongly to v(£)Pq. 

Step 3: Uniformly for k G S e , 



P Q(k)P - P 2k ■ v(Z)P (PoQ(k)Po) Po and Q(k) - P Q(k)P . 



Using the second resolvent identity twice we obtain for small \k\ and k e S e , 

Q(k) = Q {k) + Q (k)(2k'v(0-\k\)Q(k) (8) 
= Q (k) + Q (k)(2k ■ v(0 - \k\)Q (k) 

+Q (k)(2k-v(0-\k\)Q(k)(2k-v^)-\k\)Qo(k) (9) 

Now using (jUJ) and the results of Step 1 and Step 2, we find 

Q(fe)(l-P )Ao , (l-W)^O, 

where the limit is uniform for k <E S e . It follows that 

Q(fc) - P Q(A:)Po , 

uniformly for k <E S e . Now this and (jSj) show Step 3. 

The claim of the Lemma is now an immediate consequence of Lemma [S] and Step 3. □ 
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Now we are ready to prove Theorem [3j 



Proof of Theorem^ Suppose H(£) has a ground state ip with = 1. We want to 
show this leads to a contradiction. We choose an rj G D((N + 1) 1/2 ) such that (77, ip) ^ 0. 
Choose e with < e < 1 and 8 > sufficiently small. Then by Lemma [7] for a.e. k with 
k £ S e and |&| < 5, 

(77, a A ,W) = {v, #(£, k)~ l {2\k\)- l ' 2 ep(k) (-2e x>k ■ v(0 + i(k A e A ,*) • a) if) 
= ^^j- 2 fa, Q{k) {-2ex,k ■ v(0 + i(k A e x , k ) ■ a) V) . 

Now uniformly for k G «9 e , 

(r/, Q(Ar) (-2e A>fc ■ + i(k A e Ajfc ) • a) -(1 - k ■ VEy l e Kk ■ (P r] 7 2u(£)V) 

= -( £A , fc -V J E)(l-A?-V J E)- 1 (r/,^), 

where in the last step we used Lemma We introduce the set 

K := {u G S 2 \ - ^\VE\ < uj ■ VE < 0} C S e . 

Then there exists a positive constant Co such that for all k £ K, 

E \(e x>k -VE)\ 2 >c >0. 

A=l,2 

By the above, there exists a nonzero 82 such that for a.e. k with \k\ < 82 and k G K, 

A=l,2 ' ' 

Therefore, there exists a ci > such that for a.e. small k with k G -ft', we have 

|eP ^ 3 Cl ' 2 ^ E l^^)| 2 < ll(l+iV) 1/2 r/|| 2 f E E / iV'nH-l(^) £i> ■■■,k n )\ 2 dk 1 ...dk r 

I I A=l,2 \A=l,2n=0^ 

Integrating over the set of all with k & K and < #2, we see this is inconsistent with 
■?/> being in T . Thus does not have a ground state. □ 
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5 Positive Ion: Model and Statement of Results 



We consider an ion consisting of a spinless nucleus of mass m and charge Ze and N spin 
1/2 electrons having charge — e and mass I. The energy of this system is described by 
the operator 

1 N 1 

acting on the Hilbert space 

W = L 2 (M 3 ) ® ^/\ L 2 (R 3 ; C 2 ) j ® ^ , 

where p — — ^Vo acts on the first factor and pj = —iVj and <x,-, the three- vector of Pauli 
matrices, act on the j-th factor of the antisymmetric tensor product. We take the spin of 
the nucleus to be zero only to simplify notation. We will make the following assumptions 
about the potential V: 

V(x ,...,x N ) = ^ Vijixi-xj). 

0<i<j<N 

Each Vij is infinitesimally bounded with respect to the Laplacian in three dimensions, 
which we denote by —A, i.e., there exists for any a > a finite constant b such that for 
all / in the domain of —A, 

11^/11 < a|| -A/11+611/11 . 

The Hamiltonian is translation invariant and therefore commutes with the generator of 
translations, i.e., the operator of total momentum 

N 
3=0 

Let F be the Fourier transform in the variable xq, i.e., on L 2 (R 3 ), 



Let 

N 



W = exp(ix -(P f + Y,Pj)) ■ 

3=1 
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Note that WPtotW* = po so that in a new representation, po is the total momentum. 
Then the composition U = FW yields the decomposition of the Hamiltonian 



UHU* = I H(£)d£ 

with 



N „ N 



H(0 = ^-(e-EPi-P/" ZeA(0)) 2 + ~ £ {a, • (p, + eA^))} 2 + if/ + V 



2m ^ J J 2 

acting on (f\ N L 2 (R 3 ; C 2 ) j £g> JF and where we have set V = V\ xo=0 . Let us cite the 
following Theorem [Til IT?] . 

Theorem 10. T7ie operator H(£) is self-adjoint on 

N 

f\D(p})nD{I# + H f ) 

3=1 

and essentially self-adjoint on any core of J2f=iP"j + Pf + Hf- 

It is easy to show that for every £ the operator is bounded below. Let E(£) = 

infcx(if(£)) be the infimum of the spectrum. By a simple argument as in the proof of 
Proposition [2] we see that E(-) is almost everywhere differentiate. The following theorem 
is the main result. Its proof is given in the next section. 

Theorem 11. Suppose N ^ Z and e ^ 0. If 'E(-) is differentiate at £ with non-vanishing 
derivative then H{^) does not have a ground state. 



6 Positive Ion: Proof of Result 

First we show the following lemma. 

Lemma 12. \V\ is infinitesimally form bounded with respect to H(£). 

Proof. By Theorem [TO] we know that H(£) is self-adjoint on the domain of -P/ + X^=i + 
Hf. Therefore there exist finite constants c% and C2 such that 

TV 

p / + E^ 2 +^/^ ci ^)+ C2 - 

3=1 
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" N ^2 

CUIj IjU 

^ N ^2 

in uuuiiucu wiun icopcuu hU 

finite b such that 

N / N 



By assumption V is infinitesimally small with respect to *Yl^ =1 p 2 - Therefore, |V| is 
infinitesimally form bounded with respect to YljLiP'j- Hence for any a > there exists a 



\V\ < aJ^P 2 j + b < a \ P f + J2 p2 i + H f) + b< ac x H{£) + ac 2 + b. 

3=1 \ j=l 



□ 



We will prove Theorem [TTJ using a sequence of Lemmas. For notational convenience 
we set 

N 

v(o = z-Y.Pi- p f- ZeA ^ ■ 

3=1 

Recall the definitions S e := {uo G S 2 \ uo ■ V£7(£) < 1 — e} and k := k/\k\, which are the 
same as in Section HI 

Lemma 13. Assume that E(-) is differentiable at £. Given e > 0, then for k G S e , we 
have 

H(t-k) + \k\-E(0>t\k\+o(\k\). 

The proof of Lemma [13] is the same as the proof of Lemma HI 

Lemma 14. Let Ho be any Hilbert space. Let QcR 3 and (p G Ho <£> F , o,nd suppose the 
function k i— > a^y? is in L 2 (%2 x ^; ® -T 7 )- T/ien /or a// / el), wii/i / vanishing outside 
of Z 2 x and 7] E H ® J 7 

{v, = / 7(k)(r],a k (fi)dk. 



The proof of this Lemma is analogous to the proof of Lemma [5j We merely have to 
replace the inner product of C 2 by the inner product of Ho. Likewise, one generalizes 
the proof of Lemma [6] to prove the next lemma. Anticipating our application we set 
henceforth Ho ■ = (^/\ N L 2 

Lemma 15. Let p G D(H l J 2 ). Then the function k \— > a^p is in L 2 oc (Z 2 x IR 3 ; Ho ® J? 7 ), 
wift M 3 = R 3 \ {0}. 
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Lemma 16. Suppose E(-) is differentiable at £ and that ip is a ground state of H(£). Let 
e > 0. Then there exists a 5 > such that for all r\ G Tio ® T , 

(r],a Xt k4>) (10) 

for a.e. k, with < \k\ < 5 and k G S e , where H(£ } k) := H(£ — k) + \k\ — E(£). 

Proof. Let / G C£°(1R 3 \ {0}). Let ip G Ran(P[ ,^](-^)) t> e a state having less or equal to 
v photons, for some finite u, and assume (p n is smooth and has compact support. Then a 
straightforward calculation using the canonical commutation relations, yields for / real, 

(K(/)fT(e, k) - (H(0 - £(OK(/) V, tf) = + R*(f) + Rl(f))<P, 1>) , 

with 

Ro(f) ■= J(\k\ - \y\)f{y)a x . y dy + m' Q 1 J f(y)(y - k) ■ v(£)a x>y dy 
+ (2m )- i y f(y)(k 2 -y 2 )a x , y dy 

Mf) I -^=f(y)k-ex, y dy 

2m J y/2\y\ 

~T J \/2\y\ 



i=i 



/ -^/(y)^ • «(£) dy 

mo J y/2\y\ 
l ~s J \/2\y\ 



3=1 

Since ^ G flf =1 n D(P| + if,) C D(a x (f)), 

(H(£, k)ip, a x (f)1>) = (ip, (A(f) + Ro(f) + i2i(/))V0 • 

Note that this holds for all ip in an operator core for H(£, k). For e > 0, there exists by 
Lemma IT51 a 5 > such that for all k with < \k\ < 5 and G S^, if (£, fc) has a bounded 
inverse. Thus we conclude by density that for all such k and all rj G TCo (g> JF, 

(77, flA (/)^) = (^(e, fc)" 1 ^, (A(f) + R (f) + Rium ■ (ii) 
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Now fix rj G Ho <8> T. For k, with < \k\ < 5 and k G Sc, we choose a ^-sequence, / m ,fc, 
centered at k as in the proof of Lemma [7J We insert for / in equation (flTT) . As 
m — > oo, it follows by Lemmas [T4l and [T5l that the left hand side of ( fTTT) converges to the 
left hand side of (TTU]) for a.e. fc. In the same limit the term involving A converges to the 
right hand side of (fTUl) . As demonstrated in the proof of Lemma [7J the terms involving 
Rq and R\ vanish as m tends to infinity for a.e. k. This implies the assertion of the 
Lemma. □ 

The next lemma would follow easily from the formal commutation relation 

[Hi&ixj] = —v{£)+ Pj + eA{ Xj ) 
mo 

if we ignored domain considerations. 

Lemma 17. Let P be the projection onto the kernel of H(£) —E(£). Then for all j with 
1<3<N, 

Po—v(Z)P = Po(Pj + eA(xj))Po . 
mo 

Proof. Fix a j G {1, 2, N}. Let X e <^°°(M + ; [0,1]) with X \[0, 1] = 1 and xt[2,oo) = 0. 
We set Xn( x j) — x(\ x j\/ n )- Let ip G RanP , then for all n 

= (4>iH(£)iXn(xj)xjip) ~ (i>,iXn(x j )x j H^)ip) 
= (Xn(xj)ip, ( +pj + eA{x j ))i)) 

+Re(ij, -{Vx){\xj\/n)xj ■ (-— +Pj + eA{ Xj ))^) 
1 1\ 1 



-\^\^o + 2)n {WmX ^ 

m Q 

The limit as n tends to infinity follows from dominated convergence. By polarization this 
yields the claim. □ 

The proof of the next lemma is the same as the proof of Lemma [HJ 

Lemma 18. Let Po be the projection onto the the kernel of H(£) — E(£). If E(-) is 
differentiable at £, then 

P —v{i)Po = VE{i)Po . 
mo 
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We set 

Q{k) = \k\(H(t-k) + \k\-E{t))- 1 , 
whenever this exists. And for \k\ > 0, we set 

Q (k) = \k\(H(0 + \k\-E(0)- 1 . 

Let Pq be the orthogonal projection onto the kernel of H(£) — E(£). By the spectral 
theorem 

P = P (0 = s-15mQ (k). 

\k\— >o 

Lemma 19. Let E(-) be differentiable at £. Given e > 0. T/ien /or /c = /c/|&;| ; 

w- lim fg(fc) - (1 - Jfe- V J B(0)" 1 P N ) = . 
kes e , |fc|->o ^ / 

The proof follows the steps of Lemma where Step 1 uses Lemma IT21 We now present 
the proof of Theorem [TT1 

Proof of Theorem\Tl\ Suppose has a ground state ?/> with = 1. We want to show 
that this leads to a contradiction. Choose e with < e < 1, and choose r\ G D((N+ l) 1 / 2 ) 
with (77, "0) 7^ 0. By Lemma [T6l there exists a 5 > such that for a.e. k, with < \k\ < 5 
and k G SV, 



Since Q(fc) is uniformly bounded on S e for small \k\, 



N 



V ,Q(k)J2e-* k - x n(kAe Xtk )-a^j '^0 , 

uniformly for k G S" e . Using Lemma EJ we find uniformly for k G i? e as \k\ — > 0, 

77, Q(fc)— J — (1 - k ■ VE)- 1 (p oV , — 
m J \ m 

= Z(VE)(l-k-VE)- 1 ( V ^) } 
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where we used Lemma [HI Again by Lemma [9] and using that e converges in the 
strong operator topology to 1, we find uniformly for k G S € as \k\ — > 0, 

N \ / N 

3=1 J \ 3=1 

= (l-k-VE)- 1 [P oV , —v{0^ 
= -N(VE)(1 - k ■ VE)' 1 ^, V) 

where in the second line we used Lemma fT71 and in the last again Lemma [181 We introduce 
the set 

K := {oo G S 2 \ - i|V£7| < io ■ WE < 0} C S e . 

Then, since by assumption VE ^ 0, there exists a positive constant cq such that for all 
k G K, 

K* ■ V^| 2 > c > . 

A=l,2 

Collecting the above estimates we conclude that for small \k\ uniformly for k G K, 
£ l(^a A ,^)| 2 > -k-VEy*\Z-N\>\(r)^)\ 2 Co. 

A— 1 ,2 

By this and N ^ Z, there exists a c\ > such that for all small k with k e K, we find 

V <£i(^)P 

1 A=l,2 



<ui(i+^ii 2 (e£/ 

\A=1,2 n=0 ■> 



.i{\,k,ki,...,k n )\\ dk^.^dk^ 



where in the last inequality we used Cauchy-Schwarz. This is inconsistent with ip being 
in TCq <S> T . Thus H(£) does not have a ground state. □ 
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